
Multiple Input Production Economics 

EXAMPLES
AAE 320

Paul Mitchell
pdmitchell@wisc.edu 608-320-1162

mailto:pdmitchell@wisc.edu


Equal Margin Principle

Equal Margin Principle: expressed mathematically in two ways

1) Ratio of MP/r must be equal for all inputs

2) Ratio of MP’s must equal input price ratio

MPx
rx

=
MPy
ry

MPx
MPy

=
rx
ry



Marginal Rate of Technical Substitution
• The ratio of marginal products (MPx/MPy) is the substitution 

rate between inputs in the production process
• Slope of the tradeoff curve

• MPx/MPy is called the Marginal Rate of Technical Substitution 
(MRTS): the input substitution rate at the margin

• If you cut X by one unit, how much must you increase Y to keep 
output the same

• If you increase Y by one unit, how much can you cut X and still 
keep the same output

• Optimality condition MPx/MPy = rx/ry means set substitution 
rates equal



Isoquants and MPx/MPy

Input X

In
pu

t Y

Output Q = Q
~

∆X

∆Y

• Isoquant Slope = ∆Y/∆X = Substitution rate between 
X and Y at the margin  

• If reduce X by the amount ∆X, then must increase Y 
by the amount ∆Y to keep output fixed

• dY/dX = – MPx/MPy = – Ratio of MP’s = – MRTS
• Isoquant Slope = – MRTS



Isoquants and

Input X

In
pu

t Y

Output Q = Q
~

Slope = – rx/ry

• Optimality condition for input use from the Equal Margin 
Principle: MPx/MPy = rx/ry

• Find the input levels for X and Y that set slope of the 
isoquant = the price ratio

• Point of tangency between price line with slope – rx/ry
and isoquant with slope ∆Y/∆X = – MPx/MPy

MPx
MPy

=
rx
ry



Soybean 
Meal (lbs)

Corn 
(lbs)

10 376.8
15 356.3
20 339.0
25 326.0
30 315.0
35 307.5
40 300.6
45 294.6
50 289.2
55 284.4
60 280.2
65 276.4
70 272.9

Soybean meal and corn needed for 
125 lb feeder pigs to gain 125 lbs
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Which feed ration do you use?
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Corn

Soybean Meal (lbs)

Corn (lbs)
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Sheet1

		Labor		Total Product		Marginal Product		Average Product																								Trucks		Loads		Price Charged		Revenue		Truck Cost		Total Cost		Profit

		0		0																												0		0		1000				20000

		1		6		6		6																								2		35.9		1000		35,900		20000		40,000		-4,100

		2		16		10		8																								4		96.7		1000		96,700		20000		80,000		16,700

		3		29		13		9.67																								4.5		114.3		1000		114,275		20000		90,000		24,275

		4		44		15		11																								5		132.5		1000		132,500		20000		100,000		32,500

		5		55		11		11																								6		170.3		1000		170,300		20000		120,000		50,300

		6		60		5		10																								8		247.1		1000		247,100		20000		160,000		87,100

		7		62		2		8.86																								8.25		256.4		1000		256,447		20000		165,000		91,447

		8		62		0		7.75																								9		283.7		1000		283,700		20000		180,000		103,700

		9		61		-1		6.78																								11.5		360.3		1000		360,325		20000		230,000		130,325

		10		59		-2		5.90																								13		390.1		1000		390,100		20000		260,000		130,100

																																16.5		386.1		1000		386,075		20000		330,000		56,075

																																a		-2.5

																																b		12

																																c		4

																																d		-0.2

																																Trucks		Loads Hauled		MP		MRP				MFC		AP

																																0		0.0

																																2		35.9		17.95		17,950				20,000		18.0

																																4		96.7		30.40		30,400				20,000		24.2

		Labor		Labor Sq		Labor Cu		Total Product		Predicted				SUMMARY OUTPUT																		4.5		114.3		35.15		35,150				20,000		25.4

		0		0		0		0		-2.6																						5		132.5		36.45		36,450				20,000		26.5

		1		1		1		6		8.0				Regression Statistics																		6		170.3		37.80		37,800				20,000		28.4

		2		4		8		16		19.3				Multiple R		0.9936666773																8		247.1		38.40		38,400				20,000		30.9

		3		9		27		29		30.7				R Square		0.9873734655																8.25		256.4		37.39		37,387				20,000		31.1

		4		16		64		44		41.4				Adjusted R Square		0.9819620936																9		283.7		36.34		36,338				20,000		31.5

		5		25		125		55		50.9				Standard Error		3.2473509273																11.5		360.3		30.65		30,650				20,000		31.3

		6		36		216		60		58.4				Observations		11																13		390.1		19.85		19,850				20,000		30.0

		7		49		343		62		63.4																						16.5		386.1		-1.15		-1,150				20,000		23.4

		8		64		512		62		65.1				ANOVA

		9		81		729		61		63.0						df		SS		MS		F		Significance F

		10		100		1000		59		56.4				Regression		3		5772.3648018648		1924.1216006216		182.462687824		0.0000005241

														Residual		7		73.817016317		10.5452880453

														Total		10		5846.1818181818

		Labor		Labor Sq		Labor Cu		Total Product		Marginal Product		Average Product				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		0		0		0		-2.5		6.0				Intercept		-2.6433566434		2.886691853		-0.9157044735		0.3902764388		-9.4692933226		4.1825800359		-9.4692933226		4.1825800359

		1		1		1		7.2		13.1		7.2		Labor		10.1072261072		2.6286912728		3.8449650638		0.0063336329		3.8913634204		16.323088794		3.8913634204		16.323088794

		2		4		8		23.1		18.4		11.55		Labor Sq		0.6579254079		0.6295792981		1.0450238912		0.3307507554		-0.8307920037		2.1466428195		-0.8307920037		2.1466428195

		3		9		27		43.4		21.9		14.4666666667		Labor Cu		-0.1078088578		0.0413161011		-2.6093666867		0.0349455248		-0.2055058425		-0.0101118731		-0.2055058425		-0.0101118731

		4		16		64		66.3		23.6		16.575

		5		25		125		90		23.5		18

		6		36		216		112.7		21.6		18.7833333333

		7		49		343		132.6		17.9		18.9428571429

		8		64		512		147.9		12.4		18.4875

		9		81		729		156.8		5.1		17.4222222222

		10		100		1000		157.5		-4.0		15.75

		11		121		1331		148.2		-14.9		13.4727272727

		a		-2.5

		b		6

		c		4

		d		-0.3





Sheet1

		



Total Product

Marginal Product

Average Product

Labor



Sheet2

		



Total Product



Sheet4

		



Marginal Product

Average Product

Labor



Sheet3

		Employees		sq		cub		Widgets		pred		pred				SUMMARY OUTPUT

		1		1		1		300		183.9		183.2		48.214

		2		4		8		600		723.1		722.6		750.136		Regression Statistics

		3		9		27		1100		1270.6		1270.4		1370.006		Multiple R		0.9966554326

		4		16		64		1900		1804.0		1803.8		1907.824		R Square		0.9933220514

		5		25		125		2400		2300.5		2300		2363.59		Adjusted R Square		0.9904600735

		6		36		216		2800		2737.5		2736.2		2737.304		Standard Error		114.7468220337

		7		49		343		3100		3092.5		3089.6		3028.966		Observations		11

		8		64		512		3300		3342.9		3337.4		3238.576

		9		81		729		3400		3466.0		3456.8		3366.134		ANOVA

		10		100		1000		3400		3439.2		3425		3411.64				df		SS		MS		F		Significance F

		11		121		1331		3300		3239.9		3219.2		3375.094		Regression		3		13709650.3496503		4569883.44988345		347.0753667172		0.0000000565

																Residual		7		92167.8321678323		13166.8331668332

																Total		10		13801818.1818182

																		Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

																Intercept		-324.2424242423		203.2141155297		-1.5955703835		0.1546150294		-804.7671063304		156.2822578457		-804.7671063304		156.2822578457

																Employees		485.1204351204		140.2516881064		3.4589276013		0.0105628792		153.4781293487		816.7627408921		153.4781293487		816.7627408921

																sq		26.8065268065		26.5690446288		1.0089383032		0.3466003774		-36.0192355199		89.6322891329		-36.0192355199		89.6322891329

																cub		-3.7684537685		1.4599257688		-2.5812639582		0.0364051988		-7.2206271771		-0.3162803598		-7.2206271771		-0.3162803598

																										SUMMARY OUTPUT

																										Regression Statistics

																										Multiple R		0.9934614594

																										R Square		0.9869656712

																										Adjusted R Square		0.983707089

																										Standard Error		149.9572588679

																										Observations		11

																										ANOVA

																												df		SS		MS		F		Significance F

																										Regression		2		13621920.7459207		6810960.37296037		302.8819322069		0.0000000289

																										Residual		8		179897.435897436		22487.1794871795

																										Total		10		13801818.1818182

																												Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

																										Intercept		-735.7575757576		164.6842473368		-4.4676864221		0.0020896348		-1115.5203767042		-355.9947748109		-1115.5203767042		-355.9947748109

																										Employees		825.034965035		63.0753595804		13.0801468358		0.0000011088		679.5828309522		970.4870991177		679.5828309522		970.4870991177

																										sq		-41.0256410256		5.1194564068		-8.0136713287		0.0000431347		-52.8311363041		-29.2201457472		-52.8311363041		-29.2201457472
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Widgets

pred



		Soybean Meal		Corn

		10		356.8

		15		336.3

		20		319.0

		25		306.0

		30		295.0

		35		287.5

		40		280.6

		45		274.6

		50		269.2

		55		264.4

		60		260.2

		65		256.4

		70		252.9





		



Corn

Soybean Meal (lbs)

Corn (lbs)



		Deep Creek Mining																												Drills		Sq		Cub		Output																Labor

				Capital Input Y																										1		1		1		6														Capital		1		2		3		4		5		6		7		8		9		10

		Labor Input X		250		500		750		1000		1250		1500		1750		2000												2		4		8		16														250		0.5		1		2		3		8		14.5		22		25		27.5		26

		1		1		3		6		10		16		16		16		13												3		9		27		29														500		1.5		3		8		14.5		21.5		27.5		29		30		29.5		28

		2		2		6		16		24		29		29		44		44												4		16		64		44														750		3		8		14.5		22		27.5		30		31		31		30.5		29.5

		3		4		16		29		44		55		55		55		50												5		25		125		55														1000		5		12		22		27.5		30		31		31.5		31.5		31.5		31

		4		6		29		44		55		58		60		60		55												6		36		216		60														1250		8		14.5		27.5		29		30.5		31.5		32		32		32		32

		5		16		43		55		60		61		62		62		60												7		49		343		62														1500		8		14.5		27.5		30		31		31.5		32		32.5		32.5		32.5

		6		29		55		60		62		63		63		63		62												8		64		512		62														1750		8		22		27.5		30		31		31.5		32		32.5		33		33

		7		44		58		62		63		64		64		64		64												9		81		729		61														2000		6.5		22		25		27.5		30		31		32		32.5		33		33.5

		8		50		60		62		63		64		65		65		65												10		100		1000		59

		9		55		59		61		63		64		65		66		66

		10		52		56		59		62		64		65		66		67

																														SUMMARY OUTPUT

																														Regression Statistics

																														Multiple R		0.9948879097

		Labor		Capital																										R Square		0.9898019528

		2		1500																										Adjusted R Square		0.9847029292

		2		1250																										Standard Error		2.5984201165

		3		750																										Observations		10

		4		500

		6		250																										ANOVA

																																df		SS		MS		F		Significance F

																														Regression		3		3931.8892773893		1310.6297591298		194.1159783878		0.0000023112

																														Residual		6		40.5107226107		6.7517871018

																														Total		9		3972.4

																																Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

																														Intercept		-12.6		5.0429883419		-2.4985185659		0.0466215834		-24.9397569632		-0.2602430368		-24.9397569632		-0.2602430368

																														Drills		17.0827505827		3.7799591657		4.5192950066		0.0040205784		7.8335169392		26.3319842263		7.8335169392		26.3319842263

																														Sq		-0.6637529138		0.7796774433		-0.8513173229		0.4272573253		-2.5715562851		1.2440504576		-2.5715562851		1.2440504576

																														Cub		-0.0343822844		0.0467535374		-0.7353942886		0.48983572		-0.1487841528		0.080019584		-0.1487841528		0.080019584
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Soy Meal 
(lbs)

Corn
(lbs) MRTS P ratio

10 376.8 2.20
15 356.3 4.10 2.20
20 339.0 3.46 2.20
25 326.0 2.60 2.20
30 315.0 2.20 2.20
35 307.5 1.50 2.20
40 300.6 1.38 2.20
45 294.6 1.20 2.20
50 289.2 1.08 2.20
55 284.4 0.96 2.20
60 280.2 0.84 2.20
65 276.4 0.76 2.20
70 272.9 0.70 2.20

• Economically Optimal input use is where 
MRTS = input price ratio, – ∆Y/∆X = rx/ry

• (Same as MPx/MPy = rx/ry)
• Soy Meal Price = $0.088/lb, Corn Price = 

$0.04/lb, Ratio = 0.088/0.04 = 2.20
• Keep straight which is X and which is Y!!!

1.20 = – (294.6 – 300.6)/(45 – 40)

0.96= – (284.4 – 289.2)/(55 – 50)



Soy Meal 
(lbs)

Corn
(lbs) MRTS P ratio

10 376.8 2.20
15 356.3 4.10 2.20
20 339.0 3.46 2.20
25 326.0 2.60 2.20
30 315.0 2.20 2.20
35 307.5 1.50 2.20
40 300.6 1.38 2.20
45 294.6 1.20 2.20
50 289.2 1.08 2.20
55 284.4 0.96 2.20
60 280.2 0.84 2.20
65 276.4 0.76 2.20
70 272.9 0.70 2.20

• Suppose Soy Meal Price = $0.10/lb, Corn 
Price = $0.05/lb, Ratio = 0.10/0.05 = 2.0

• Interpolation 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
Unknown

𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
Known

Soy Corn MRTS
30 315.0 2.20

2.00
40 300.6 1.50

Row 0

Row 1

Between

𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝐵𝐵0 + (𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 − 𝐴𝐴0)
𝐵𝐵1 − 𝐵𝐵0
𝐴𝐴1 − 𝐴𝐴0

𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 30 + (2.0 − 2.2) 40−30
1.5−2.2

= 32.9

𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 315 + (2.0 − 2.2) 300.6−315
1.5−2.2

= 310.9



Example 1

Grain
(lbs)

Hay
(lbs) MRTS

price
ratio

825 1350
900 1130 2.93
975 935

1050 770 2.20
1125 625 1.93
1200 525
1275 445 1.07

The table is rations of grain 
and hay that put 300 lbs of 
gain on 900 lb steers.

1) Fill in the missing MRTS
2) If grain is $0.06/lb and hay 

is $0.03/lb, what is the 
economically optimal feed 
ration?



Example 1: Answer

Grain
(lbs)

Hay
(lbs) MRTS

price
ratio

825 1350 2.0
900 1130 2.93 2.0
975 935 2.60 2.0

1050 770 2.20 2.0
1125 625 1.93 2.0
1200 525 1.33 2.0
1275 445 1.07 2.0

= – (935 – 1130)/(975 – 900)

= – (525 – 625)/(1200 – 1125)

Price Ratio: $0.06/$0.03 = 2.0

𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Unknown 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Known

Grain Hay MRTS
1050 770 2.20

2.00
1125 625 1.93

Grain 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1050 + (2.0 − 2.2) 1125−1050
1.93−2.2

=

Hay 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 770 + (2.0 − 2.2) 625−770
1.93−2.2

=



Example 1: Answer

Grain
(lbs)

Hay
(lbs) MRTS

price
ratio

825 1350 2.0
900 1130 2.93 2.0
975 935 2.60 2.0

1050 770 2.20 2.0
1125 625 1.93 2.0
1200 525 1.33 2.0
1275 445 1.07 2.0

= – (935 – 1130)/(975 – 900)

= – (525 – 625)/(1200 – 1125)

Price Ratio: $0.06/$0.03 = 2.0

𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Unknown 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Known

Grain Hay MRTS
1050 770 2.20
1106 663 2.00
1125 625 1.93

Grain 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1050 + (2.0 − 2.2) 1125−1050
1.93−2.2

= 1106

Hay 𝐵𝐵𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 770 + (2.0 − 2.2) 625−770
1.93−2.2

= 663



Types of Input Substitution
• Perfect substitutes: soybean meal & canola meal, corn & 

sorghum, wheat and barley
• Imperfect substitutes: corn & soybean meal
• Non-substitutes/perfect complements: tractors and drivers, 

wire and fence posts



Ca
no

la
 M

ea
l Y

Soybean Meal X

2

1

rx/ry < 2
Use only Soybean Meal

rx/ry > 2
Use only Canola Meal

Perfect Substitutes: Graphics

rx/ry = 2

Use any combination of 
Canola or Soybean Meal



Economics of Imperfect Substitutes

Input X
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t Y

This the case we already did!
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rx/ry

Perfect Complements: Graphics
Price ratio does not matter



Example 2

• Corn yield is Y = 10 + 12N – 0.2N2 + 15W – 0.3W2 – 0.1NW, 
• Y = corn yield (bu/ac), N = nitrogen (lbs/ac), W = water (acre inches)
• Corn price = $3/bu, N price = $0.5/lb, W price = $12/acre inch
• What is the profit maximizing amount of nitrogen (N) and water (W) to 

use per acre to grow corn (Y)? 
• Set Up: 
• FOCs: 
• SOCs: 
• Yield & Profit at optimal N and W:



Example 2 Answer

• Set Up: π = 3(10 + 12N – 0.2N2 + 15W – 0.3W2 – 0.1NW) – 0.5N – 12W
• FOC_N: 3(12 – 0.4N – 0.1W) – 0.5 = 0
• FOC_W: 3(15 – 0.6W – 0.1N) – 12 = 0



Example 2 Answer
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• FOC_N: 3(12 – 0.4N – 0.1W) – 0.5 = 0
• FOC_W: 3(15 – 0.6W – 0.1N) – 12 = 0
• Solve FOC_N for N:  12 – 0.4N – 0.1W = 0.5/3 = 0.167

• 12 – 0.167 – 0.1W = 0.4N       N = 29.58 – 0.25W
• Substitute into FOC_W: 15 – 0.6N – 0.1N = 12/3 = 4

• 15 – 4 – 0.6W – 0.1(29.58 – 0.25W) = 0
• 11 – 0.6W – 2.958 + 0.025W = 0    8.042 = 0.575W   W = 13.99 = 14.0

• N = 29.58 – 0.25W = 29.58 – 0.25(14.0) = 26.1 = N
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Example 2 Answer Continued

• SOCs:
• πNN = 3(–0.4) = – 1.2 < 0 passes
• πWW = 3(–0.6) = – 1.8 < 0 passes
• πNW = 3(–0.1) = – 0.03
• Then (–1.2)(–1.8) – (–0.03)2 = 2.16 – 0.09 = 2.07 > 0 passes

• Yield = 10 + 12(26.1) – 0.2(26.1)2 + 15(14) – 0.3(14)2 – 0.1(26.1)(14)
• Yield = 301.6 bu/ac
• Profit = 3(301.6) – 0.5(26.1) – 12(14) = $723.75/ac (minus other costs)
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