
AAE / ECON / FOREST 531 (Natural Resource Economics) 
Homework #5 

Solutions 
 

1. Renewable Substitutes.  This problem is a continuation of question #2 on Homework #4 
for a competitive industry.  Suppose the price of oil is given by pt=a-bqt, where qt is the 
rate of oil extraction in period t, a=1 and b=0.1.  The initial oil reserve (R0) equals 75, the 
remaining oil reserves change according to Rt+1=Rt-qt, and there are no extraction costs. 
Further, assume a 5% discount rate.  Now, suppose a scientist develops a breakthrough 
using hydrogen as a substitute for oil, where hydrogen can be sold at a constant price of 
0.8. 

a. If the breakthrough occurs at t=5, plot the optimal time path of extraction (qt) and 
price (pt) for the life-cycle of the oil reserve using the competitive industry from 
question 1. 

 
This question can be solved by taking the amount of the resource left in t=5, and re-
solving the Hotelling price path (as in #1a) for the new backstop price. As shown 
below, the price at each time is lower with the backstop, consumption is higher, and 
depletion occurs at t=16 rather than t=20. 
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b. If the breakthrough occurs at t=13, plot the optimal time path of extraction (qt) 

and price (pt) for the life-cycle of the oil reserve using the competitive industry 
from question 1. 

 
As shown below, the price at each time is lower with the backstop, consumption is 
higher, and depletion occurs at approximately t=16 rather than t=20. 
 



Backstop Introduced at t=13

0.35

0.45

0.55

0.65

0.75

0.85

0.95

1.05

0 2 4 6 8 10 12 14 16 18 20

t

pt

0

1

2

3

4

5

6

7

pt w/o backstop
pt w/ backstop
qt w/o backstop
qt w/ backstop

 
 
 

2. Investment in cost-reducing technology.  A primary response to resource scarcity is 
investment in cost-reducing technology.  Suppose a firm is interested in maximizing 
profits from extracting a non-renewable resource over two periods (t=0,1), where their 
profits in time t are written as 2

0/t t t tPq cq Rπ = − , where Pt is the price of the resource, qt 
is the amount extracted, c is a positive cost parameter, and R0 is the initial stock.  
Suppose the firm is interested in investing in research in period 0 that will potentially 
lower their cost parameter in t=1 from c to (c-αI0), where 0 < α < 1 and I0 is the level of 
investment in period 0.  Suppose further, that they are uncertain of the outcome from 
investment, and they believe two states are possible in t=1. In state 0, the research 
investment fails and the cost parameter stays at c.  In state 1, the research investment 
succeeds and the cost parameter in t=1 falls to (c - αI0).  The probability of state 0 is ε, 
while the probability of state 1 is 1- ε. 

a. Derive an expression for the firm’s optimal extraction choice in t=1 for both 
possible states (S=0, 1). 

 
NOTE: The profit function above should have read 2 /t t t t tPq cq Rπ = −  => in words, 
costs depend on reserve size in time t, not just on initial reserves R0. Sorry for the 
typo; I will give full credit to anyone who went forward and solved the problem as it 
was written with the typo. However, here is the solution with costs dependent on Rt 
(which most people did anyway). 
 
Start with S=0: 
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Then, for S=1: 
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b. Using your results from part a, what expression determines the firm’s optimal 

profits in t=1? 
 
Substituting the expressions for the firm’s optimal extraction choice in t=1: 

2 2 2 2
* 1 0 0 1 0 0 1 0 0
1,0 2

0 0

2 2 2 2
* 1 0 0 0 1 0 0 1 0 0
1,1 2

0 0 0 0 0

( ) ( ) ( )
2 4 4

( ) ( ) ( ) ( )
2( ) 4( ) 4( )

p R q p R q p R qc
c R q c c

p R q c I p R q p R q
c I R q c I c I

π

απ
α α α

− − −
= − =

−

− − − −
= − =

− − − −

 

Since profits in t=1 are defined by * * *
1 1,0 1,1(1 )π επ ε π= + − , then we get: 
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c. Suppose the investment level I0 in period 0 will cost the firm w0I0

2, where w0 is a 
positive parameter. Using your results from part a and b, what expression 
determines the firm’s optimal profits in t=0? 
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d. Suppose the following parameter values: R0=100, P0=1, P1=1.1, c=2, w=5, α=0.1, 

ε=0.5, and a discount rate (δ) of 0.05.  Using Solver, maximize your expression 
from part c by choosing q0 and I0.  Use starting values of q0=20 and I0=0.04. What 
is q0

* and I0
*? 



 
See excel sheet for setup. q0*=21.4, I0*=0.028. 
 
e. Using Solver, conduct comparative statics to see how investment changes as a 

result of a change in each of the eight parameters. 
 
See excel sheet for setup. Investment increases with R0, p1, and α, and decreases with 
increases in p0, c, w, ε, and δ.   
 

 R0 P0 P1 c w α ε δ 
q0 + + - - + - + + 
I0 + - + - - + - - 

 
 

3. Water resources. Consider the problem of a water district managing the allocation of 
irrigation water along the length of a canal.  The district wishes to maximize the value of 
water sent down the canal.  The initial stock of water is X0, and the length of the canal is 
C. Irrigation ditches lie perpendicular to the canal at intervals c=0, 1, 2,…., C.  At each 
point along a ditch, net returns to agriculture are defined as Rc=aYc-(b/2)Yc

2, where Yc 
indicates the total amount of water allocated to ditch c, and a and b are positive 
parameters.  As water moves downstream, it seeps out of the canal.  Define the seepage at 
any given ditch c as dXc, where d represents the proportion of the stock lost to seepage at 
ditch c.  In summary, water moving down the canal is reduced at each ditch by the 
amount of seepage and by the amount of water removed for agriculture. 

a. State the district’s optimization problem. 
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b. Derive the first-order conditions. 
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c. Suppose d=0. Are water withdrawals increasing, decreasing, or constant along the 

canal? Provide economic intuition. 
 
Using (ii), λc+1=λc . From (i), note that a-bYc=λc+1. Therefore, since λc+1=λc, and a-
bYc-1=λc, then a-bYc=a-bYc-1, which implies that Yc=Yc-1. So, water withdrawals are 



constant along the canal because the net returns to agriculture are identical at each 
ditch. 
 
d. Suppose 0<d<1. Are water withdrawals increasing, decreasing, or constant along 

the canal? Provide economic intuition. 
 
Using (ii), λc+1=λc(1-d)-1, and since d>0 then λc+1>λc. Further, since a-bYc= λc+1 and 
a-bYc-1= λc, then a-bYc>a-bYc-1. This implies that –Yc>-Yc-1, and dividing both sides 
by negative one gives us Yc<Yc-1. So, water withdrawals are decreasing along the 
canal. This occurs because the marginal net benefits of using water must always 
equal the shadow price. Since the shadow price is increasing, and the net benefits are 
a concave function of Yc, the only way to increase marginal net benefits is through 
less water at ditches further down the canal. Intuitively the seepage acts in a similar 
way to a discount rate because any seepage high in the ditch affects water allocation 
at each point downstream. 

 


