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AAE 635 Lecture 4

4.1 REVIEW
[Mathematical tools; unconstrained optimization...]

4.2 PROFIT MAXIMIZATION, N-INPUT

4.2.1 Some basic results

Consider the case of a firm producing one outputy € R using n inputs X = (X, Xz, ..., X,)' € R".

Let F = R™ be the feasible set representing the firm technology, where (y, X) € F means that the

production decision (y, X) is technologically feasible. As before, it will be useful to put some

structure on the representation of the production technology. Define the production function as
9(x) =Max{y:(y,x) € F}.

Then, express technological feasibility as
F={(y,x):y<g(x),x>0,y>0}.

For a competitive firm in a market economy, let p € R be the output price, and w = (w1, Wy, ...,

wn) € R" denote the n input prices for x. Then, the firm profitis z=p-y-w - x, where p-y is firm

revenue, and w - X = X; w; - X; is firm cost of production. Then, profit maximization is denoted by
Max{p-y-w-x:(y.x) € F}

or
Max{p-y—-w-x:y<g(x),x>0,y>0}.
Y, X

Define technical efficiency as a production situation (y, X) where y = g(x). Alternatively, technical
inefficiency is defined as any situation where y < g(x).

It follows that, given p > 0, profit maximization implies technical efficiency, where y is chosen to
be on the production function y = g(x). Alternatively, any production situation that is technically
inefficient (i.e., where y < g(x)) must be inconsistent with profit maximization (since it implies
the feasibility of increasing revenue without increasing cost).

Note that checking whether a firm is technically efficient or not does not require information
about prices (p, w). And any observation indicating that a firm is technically inefficient (i.e. that
it makes production decisions (y, X) such that y < g(x)) is sufficient to conclude that this firm is
not maximizing profit. Two factors can contribute to this situation: 1/ the firm does not have
access to the best available technology (suggesting a need to speed up technological adoption for
the firm); 2/ the firm management is poor and makes poor use of available resource in the
production process (suggesting a need either to replace the management or to improve managerial
abilities).

Given p > 0 and y = g(x) under technical efficiency, the profit maximization problem can be
alternatively written as
Max{p-g(x)—w-x:x>0}.
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Denote the solution to this optimization problem by the decision rule x*(p, w) = (x:*(p, w), ...,
X*(p, w))", the profit maximizing input demand functions. Also, given y = g(x), the profit
maximizing output supply function is y*(p, w) = g(x*(p, w)). In this section, we have two
objectives:
1/ to identify profit maximizing behavior x*(p, w) and y*(p, w);
2/ to investigate the properties of the decision rules x*(p, w) and y*(p, w), providing
information on how an economically rational firm would behave under changing markets
conditions (as represented by prices p and w).

4.2.2 PRODUCTION BEHAVIOR
The profit maximization can be written as
Max {#(X)=R(X)—C(X)=p-g(x)—w-x:x>0}.

Assume that the function g(x) is twice continuous differentiable. Then, profit maximization is a
standard unconstrained optimization problem.

Assume that x*(p, w) = (X1*(p, W), ..., Xa*(p, W)) is an interior solution to the profit
maximization problem. This means that x;*(p, w) > 0 for all inputs,i=1, ..., n.

Given an interior solution, profit maximizing behavior x* implies that the first order necessary
condition (FONC)

7 =[] =0,

or

p-g'(x*)-w=0,
where g '(x*) = [aga‘xj Lo %] is a (1xn) vector of marginal products, and w = (wy, ..., W,) is a
(1xn) vector of input prices. This can be equivalently written as

P-g'(x*)=w
or

p aga(:) =w;,i=1,...,n
This is a system of n equations in n unknown, x* = (x;*, ..., X,*)". The left-hand side of the

equation is marginal revenue &£ = p- ag The right-hand 5|de is marginal cost & = w;. Then, for

an interior solution, proflt-maX|m|2|ng behavior means that marginal revenue must be equal to
marginal cost for each input x;, 1 =1, ..., n.

This has one important implication: when prices are positive (p > 0, w; > 0 for all i), the FONC
implies that % > 0. This means that profit-maximizing behavior can only take place at points

where the marginal products % are positive. Then, profit maximization rules out a priori

decision rules where any increase in x; would contribute to decreasing output. In other words,
observing a firm making production decisions (y, X) in the region where g(x) is declining is
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sufficient to conclude that this firm does not maximize profit. Again, note that such observation
does not require information about prices (p, w).

Now, consider the case where resources are scarce. This is expressed by situations where the
production technology exhibits diminishing marginal productivity. Intuitively, this means that,
when marginal product is positive, it becomes increasingly difficult to increase output.
Diminishing marginal productivity is equivalent to the production function g(x) being concave,
which is also equivalent to g"(x) being a (nxn) negative semi-definite matrix for all x.

Note that, given p > 0, g"(x) = negative semi-definite if and only if 7"(X) = p - g"(x) = negative
semi-definite for all x. It follows that diminishing marginal productivity is equivalent to 7 "(x)
being negative semi-definite for all X, which is equivalent to z(x) being a concave function.

And when 7z(x) is a concave function, we know that FONC (7 '(x*) = 0) is a necessary and
sufficient condition for x* to be an interior (global) solution to the profit maximization problem.
This gives:

Result 1: Under diminishing marginal productivity, FONC (z'(x*) = 0) is a necessary and
sufficient condition for x* to be a (global) interior solution to the profit maximization
problem.

Result 2: Under diminishing marginal productivity, the second order necessary condition SONC
(7" (x) = negative semi-definite at x = x*) is always satisfied.

Result 3: At interior points where SONC does not hold (meaning where 7 "(x) is not negative
semi-definite), production decisions cannot be consistent with profit maximization. More
generally, profit maximization rules out any interior feasible production region where
local concavity (or locally decreasing marginal productivity) does not hold. Again, such
observation does not require having information about prices.

Figure 4.1
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What about the second order sufficient condition (SOSC: 7 "(x*) = negative definite)? We have
just seen that diminishing marginal productivity implies the negative semi-definiteness of 7" (x*).
But 7 "(x*) being negative semi-definite does not imply that 7 "(x*) being negative-definite. It
follows that diminishing marginal productivity does not imply the SOSC.

Given result 1, it may seem that we may not need the SOSC. This is true if we are just interested
in identifying the profit maximizing level x*(p, w). However, if we also want to investigate the
properties of x*(p, w), then strengthening SONC into SOSC can prove useful.

4.2.3 Properties of the input demand functions x*(p, w)

We have just shown that diminishing marginal productivity is equivalent to the concavity of the
profit function z(x). Then, FONC is necessary and sufficient to identify a global interior solution
x*(p, w) to the profit maximization problem. Yet, this solution may not be unique. And even if it
is unique, x*(p, w) may not be differentiable functions. In this section, we will consider the
convenient case where the decision rules x*(p, w) are differentiable. This will allow us to make

use of calculus tools and to discuss behavioral properties in terms of the derivatives % and -
measuring the marginal impacts of changes of (p, w) on profit maximizing behavior x*.

As seen above, X*(p, W) = (X1*(p, W), ..., X-*(p, w))" can be interpreted as the solution of the
system of equations given by FONC. Denote the profit function by z(x, p, w) =p - g(x) - w - X.

Then, FONC is: 220 = 7 (xx n w) = 0. Apply the implicit function theorem to the FONC:
Under twice continuous differentiability of z(x, p, w), the solution x*(p, w) of the system of
equations 7z(x*, p, w) = 0 is unique and a differentiable function if the (nxn) matrix < ”(X L)

x(X*, p, W) is invertible, i.e. if the determinant of (x>, p, W) is nonzero: det(zu(X*, p, w)) #
0.

The implicit function theorem states that x*(p, w), the solution to FONC, is a differentiable

62_77 %z oz
o OX,0%, O%,0%,
Pz Pz ... Pz
function of if d * 0 wh _ P _ | e o 2% | s th
unction of (p, w) if det(m«(X*, p, W))) # 0, where 7« = 2% = is the
o'z Pz ... &z
0%, 0%y 0%, 0%y o?

(nxn) matrix of second derivatives of 7 with respect to x. (Note that, under twice continuous
differentiability of z(X, p, w), the (nxn) matrix 7z is symmetric from Young theorem). It follows
that det[ z(x*, p, W)] # 0 is a sufficient condition for x*(p, w) to be differentiable functions. We
will exploit this condition below.

We start with some insights on the role of the SONC, m«(X*, p, W) = negative semi-definite, and
the SOSC, m(X*, p, W) = negative definite. We have the following result:
If mx = negative semi-definite, then det(7) # O is a necessary and sufficient condition to
have mx = negative definite.
(This result is obtained from linear algebra: 1) 7z is a negative (semi) definite matrix if and only
if all its eigenvalues are negative (non-positive); 2) the determinant of a matrix is the product of



Lecture 4 AAE 635 Fall 2009

its eigenvalues, implying that a non-zero determinant rules out zero eigenvalues; 3) combining 1)
and 2) gives the desired result).

It follows that, if we want to rely on the implicit function theorem (with det[ z«(X*, p, w)] # 0),
then the SONC, m«(X*, p, W) = negative semi-definite, must be strengthened to the SOSC:
x(X*, p, W) = negative definite. In this case, strengthening SONC into SOSC will guarantee that
x*(p, w) are differentiable function.

In addition, we have the result:
{SONC together with det[ (x>, p, w)] # 0} and {SOSC} are equivalent statements.

Note: Having m(X*, -) = negative definite implies that z(x*, -) is locally strictly concave in x in
the close neighborhood of x*. However, there exist strictly concave functions #(X, -) such that,
even though 7z« must necessarily be negative semi-definite everywhere, 7 is not negative
definite at some point (e.g., 7(x) = - x* at x = 0). This means that SOSC, z(X*, p, W) = negative
definite, implies that z(x, p, w) must be locally strictly concave in the neighborhood of x*,
although there are strictly concave functions z(X, p, w) that do not satisfy SOSC. In that sense,
SOSC implies something stronger than local strict concavity...

To proceed with the analysis of profit maximizing behavior, substituting x*(p, w) into FONC
gives

T (X*(p, W), p, W) = W: 0. o

4.2.4 The effects of input prices w
Differentiating FONC in (1) with respect to w gives (using the chain rule)

Pn X =
ot e T 0, (2a)
[ 22 Pz ... 2] Lo T U
ot 0% OXy 0% O,y oy OW, oW,
&z &z ... % N, o %,
2 Xy 2 X0 . * W oW, T aw
where 2% = = [ T % “h | = (nxn) matrix, & =x,* =M M | =
o’z Pz ... &z o o o,
L 0% 0%y 0OXnOXy ox? | _Wl B ce aw, |
[ % o’ . x|
0% OWy 0% OW, 0% OW,
o’ o’x . o’
H Pr - — | Ox,0w OXpOW, OXyOW, - H
(nxn) matrix, and £ = mq =| 72 T @M | = (nxn) matrix, all evaluated at x*(p, w).
&r ’r . o*r
| O%,oWy OX,OW, OXpoW, |

Under SOSC, we have just seen that det[ z«(X*, p, w)] = 0 and thus that the (nxn) matrix 7y is
invertible. It follows that (2a) can be written as

% = XW* = '[7[)()(]-1 7z-xw. (2b)
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This is the classical comparative static result showing how profit maximizing input demand
would react to changes in input price w. Note that this result can be obtained simply by applying
the implicit function theorem to FONC in (1). Given #(X, p, w) = p - g(X) —w - X, note that 7z =
-1, = the negative of an identity matrix. Then, equation (2b) becomes particularly informative: it
can be written as

2C = yo* = [mod . (2c)
With 7 being a symmetric, negative definite matrix (from SOSC), it follows (from linear
algebra) that [z] ™ is also symmetric, negative definite. This yields the following important
result:

Given an interior solution and SOSC, profit maximization implies that

o o o |
Moo e
2 =Xy* = af“l f’]‘f“z . a” IS a symmetric, negative definite matrix.
o oK o
Low aw, T w,

This is important for three reasons:

First, this result is obtained under an arbitrary technology. In other words, it is a fundamental
insight about the general implications of profit maximization behavior.

Second, the diagonal elements of a negative definite matrix are always negative, implying that
% < 0 for all i. This states that increasing an input price always generates a decrease in the

quantity demanded for that input. This is a fundamental property of profit maximizing behavior:
profit-maximizing input demand functions are downward sloping. This is also a very intuitive
result: increasing resource scarcity (as represented by a higher input price) means that profit-
maximizing firms have an incentive to reduce the use of the scarce input.

Finally, the symmetry of the x,,* matrix implies that % = % for all i #j. These are called

symmetry restrictions. With n inputs, there are (n>-n)/2 symmetry restrictions. They state that the
marginal effect of a change in the i-th input price w; on the j-th input demand x;* must be equal to
the marginal effect of a change in the j-th input price w; on the i-th input demand x;*, for i =].
While they may not be very intuitive, the symmetry restrictions are in fact implied by profit
maximizing behavior. This provides useful information on the properties of the decision rules
x*(p, w), information which can be used in the empirical investigation of production behavior.
Also, it means that if the symmetry restrictions were observed not to be satisfied, this would be
sufficient to conclude that the observed behavior is inconsistent with profit maximization. This
can provide a basis for the empirical testing of whether actual decision rules are consistent with
profit maximization as a representation of economic rationality for production decisions.
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Note: In the n-input case, the symmetry, negative semi-definiteness of the matrix @—X* = Xw*

BX

allows for cross-price effects = to be either positive or negative. This will depend on the nature

of the underlying technology. More specific results can be obtained in the 2-input case (see
below). This issue will be revisited later in the context of cost minimization.

4.2.5 The effects of output price p
Similarly, differentiate FONC in (1) with respect to p to obtain (using the chain rule)

o’z ox 87!—0

o op 6x6p

or
TTxx Xp* + 7Z-xp = O, (3a)
[Pz Px ... _Px ]
¢ 0% Oy 0% 0%, ﬁ
P Pz .. O %
2 .
where ££ = 7, =| 7% %% | = (nn) matrix, - =x,*=| i | = (nx1) vector, and
o
o’x o*r o s op
0%, 0% 0%, 0%y ox2
o*r ]
0% 0p
gj;; =mp=| : | =(nx1) vector, all evaluated at x = x*(p, w). Under SOSC, we have seen that
*x
Xq0p

det[ mx(X*, p, w)] = 0 and thus that the (nxn) matrix 7z is invertible. It follows from (3a) that
65:) Xp =- [7Z'xx] Txp- (3b)

Note that this result can also be obtained applying the implicit function theorem to FONC. Given

(X, P, W) =pg(X) —w- X, we have mep=| : | =| i | =(2)". Thus, (3b) can be written as
6§:gp Eaxgn
Lo =xp* = - [mad " (2)" (3¢)

In addition, from (3c),
D20 = (D) [ (2)20, (3d)

since the matrices 7« and [z«] ™ are each negative-definite (from SOSC),

This has two implications:
e In general, equation (3c) allows for

effects of output price p on input demand depend on the underlying technology (see Figure
4.1). We will revisit this issue in the context of cost minimization behavior.

BX' to be either positive or negative. Thus, the exact
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e Expression (3d) implies that -2 > 0, i.e. that a weighted average (with < > 0 as weights)

of the price slopes %p is non-negative.

4.2.6 Properties of the supply function y*(p, w)
We have seen that, given p > 0, profit maximizing behavior implies that y = g(x). Thus, the profit
maximizing output supply function is

y*(p, w) = g(x*(p, w)) (4)

Differentiating equation (4) with respect to p gives (using the chain rule)

ng = 2.20 or using (3b),

=- 2 [md - (2)' 20, Q)

since [mo]™ is a negative-definite matrix from SOSC. This is an important result. It shows that
"'ay—; >0, i.e., that the profit-maximizing output function tends to be upward sloping. This is an

intuitive finding: increasing the price of a commodity tends to stimulate its production by a
profit-maximizing firm.

Next, differentiating (4) with respect to w gives

— 0
2 = 2.2 orysing (2c),

=4, [ﬂxx]'1 (6a)
where 2 -( s ¥ yis a (1xn) vector.
Comparlng (3c) and (Ga), it follows that
=) (60
Equation (6b) establishes n symmetry restrictions between the slopes of the supply function %

and the negative of the slopes of the input demand functions - (%)T: % =-5i=1..,n

These symmetry restrictions are implied by profit maximization. They can be used in the
empirical investigation of production decisions. Alternatively, they can be used to test for profit
maximizing behavior in the sense that any empirical evidence against them can be interpreted as
evidence that actual decision rules are not consistent with profit maximization.

Finally, from (6b), our earlier discussion related to the properties of 2- can be adapted to 6y to
give the foIIowmg results:
e Ingeneral, 2 can be either positive or negative. Thus, the exact effects of input price w; on

output supply depend on the underlying technology.
e Using (6a), we have

D (2 =D gt (L) <0, (6¢)
implying that a weighted average (with 2 > 0 as weights) of the price slopes 2 is non-
positive.
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4.2.7 The homogeneity property
Recall our profit maximization problem for a competitive firm
Max{p-y—-w-x:(y,Xx) e F},
Yy, X

with x*(p, w) as solution. Now, consider the modified problem where all prices are rescaled by a
constant k > 0,

Max{k-p-y—k-w-x:(y,x)eF},
Y, X

which has for solution x*(kp, kw). Note this modified problem can be alternatively written as
k-[Max{p-y—-w-x:(y,X)eF}],
Yy, X

which has for solution x*(p, w). It follows that
x*(kp, kw) = x*(p, w) for any k > 0.

This shows that profit maximizing decision rules x*(p, w) are homogeneous of degree zero in
prices (p, w). It means that profit-maximizing behavior is invariant to a proportional change in
all prices (e.g., it is invariant to changing the unit of measurement of money).

This homogeneity property imposes restrictions on behavior. To see that, under the continuous
differentiability of x*(p, w), apply Euler theorem to the functions x*(p, w) that are homogeneous
of degree zero. This gives:

('?p .p+ x WZO, (7a)
where w is a (nx1) vector, or
2 op+X 2 w=0,i=1,...,n,

or, for xi* >0,
XN N =00zl 0,
or
a',';xp +Z,§,'§VXV' =0,i=1,..,n,
where Ua',”nX‘; = pr -5 is the elasticity of x;* with respect to output price p, and ;,':VXV' = %% is the

elasticity of xi* with respect to the j-th input price w;. (Note: A price elasticity can be
conveniently interpreted as measuring the percentage change in a quantity due to a one percent
change in price).

It follows that, for each input demand, the sum of price elasticities across all prices (p, w) must
be zero. This generates n homogeneity restrictions (one for each input demand), as implied by
profit maximization.

Finally, with y*(p, w) = g(x*(w, p)), similar results apply to the output supply function y*(p, w).
The profit maximizing output supply function y*(p, w) is homogeneous of degree zero in prices
(p, w), implying the additional homogeneity restriction

@p"’WO (7b)

B
where w is a (nx1) vector, or, for y* >0,

8Iny alny” _
onp ZJ alnw; O
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where 20Y =2 . ® s the elasticity of y* with respect to output price p, and 2~ :%}% is the

dlnp op y* olnw;

elasticity of y* with respect to the j-th input price w;.
It follows that the sum of price elasticities of supply y*(p, w) across all prices (p, w) must be 0.

Note: Given p > 0, a simple way to impose the homogeneity restrictions is to write the behavioral
rules as follows: x*(p, w) = x*(+), and y*(p, w) = y*(+). Indeed, using price ratios w/p is a

convenient way to impose the restriction that a proportional change in all prices would have no
effect on economic behavior.

4.3 THE TWO INPUT CASE (N =2)

Here, we consider the special case of a two-input firm, where n = 2. Of course, all the general
results obtained above apply: upward sloping supply function, downward sloping input demand,
symmetry restrictions, homogeneity restrictions, etc. However, the two input case will give us
some additional results.

gll 912

g21 gZZ
continuous differentiability of g(x), 912 = 921 (from Young theorem). The SOSC give: g11 <0, 022
<0,011"02- g122 > 0. And, from linear algebra,

[7'5xx:|_l = % : [gxx:l_l

- _1 . gZZ _glz:| (8)
PP |:_ng gll ’

where D = g11 - G2z - 912 912> 0 from SOSC. (Check that 7z [7]™ = an identity matrix).

2 2 -
When n =2, 1" = iy = P -Gex, Where gy = <% = { } where gij = —2- . Under twice
ioXj

Substituting equation (8) into (2c) gives

* 92 -0,
X = ) :'L . , (ZC')
o " PP [_912 911 }
which implies, given p > 0 and D > 0 (from SOSC),
o=k <0,i =],
and
S=a = —% =sign{-giz} , i #],

This has two interesting implications.
e First, interpreting D = 011 - 022 - 912 - 912 @S measuring the "degree of curvature” of g(x),

this suggests that price response |%J is larger (smaller) when the production function is
"flatter” ("more curved").
e Second, it shows that the cross price effec %J = % IS positive (negative) when gi,= g

0 0% Oy

<0 (> 0), i.e. when x; has a negative (positive) impact on the marginal product of x, a—fl
e This indicates how the nature of the underlying technology affects price response.

10
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4.4 THE GENERAL CASE

So far, we have limited our analysis to the case of a firm producing a single output. We now
consider the general case where a multi-output firm produces m outputs using n inputs. For that
purpose, it will be convenient to change the notation. Let the decisions made by the firm be
represented by the vector of netputs, where outputs are defined to be positive while inputs are
defined to be negative. Lety = (Y1, ..., Ym, Ym+1, -.., Ymen) € R™ ", where (y1, ..., Ym) represents m
outputs and the n inputs are (Yme+1, ---, Ym+n) (= -(X1, ..., Xn) in our earlier notation). Let the
underlying technology be represented by the feasible set F, where y € F means thaty = (yj, ...,
Ym, Ym+1, -+, Ym+n) IS technologically feasible and satisfies y; > 0 for i = 1, ..., m (stating that the
first m elements are non-negative outputs) and y; < 0 for i = m+1, ..., m+n (stating that the last n
elements are non-positive inputs).

In a market economy, let p = (ps, .., Pm, Pm+1, ..., Pm+n) € R™"" denote the market prices for the
netputs y. Again, we will assume that prices are positive for all netputs: p; > 0 for all i. It follows
that firm revenue is R = 2i<n pi Vi, and that the firm cost is C = XJi >m+1 pi (- Vi), where the negative
sign reflects the fact that inputs are defined to be negative. Then, the firm profit is n(y, p) =R -C
=p-y=2ipiYi. Thusacompetitive firm maximizing profit would behave so as to solve the
optimization problem
Myax {p-y:yeF}L
Let the solution of this maximization problem be y*(p). By definition, y*(p) must satisfy
p-y*(p)=>p-y,forallyeF.

Note that, at this point, we have not assumed an interior solution; we have not assumed
differentiability; and we have not required that y*(p) satisfies FONC, SONC, or SOSC (e.g., we
allow for corner solutions).

Consider K observations (e.g., from K different firms in an industry), each observation being
associated with market prices p “ and netput vector y ¥. Then, from the above inequality evaluated
at price p ¥, profit maximization becomes

P .y*(p">p*. .y, forally e F.

Letting y* = y*(p") under profit maximization, and choosing y = y*, this yields for each k
p<-y*>pk YK forallk =1, ..., K. (WAPM)

This is called the weak axiom of profit maximization. Clearly, profit maximization implies
WAPM. WAPM provides a simple and convenient way to check whether the k-th firm behaves in
a way consistent with profit maximization. If some of the inequalities in WAPM are not satisfied
for some (k, k'), then this is sufficient to conclude that the k-th firm does not maximize profit.

Note that, under profit ma>|<imization (where y* = y*(p") for all k), WAPM can written as
P [y*(P") - y*(p)] = 0.

Switching p and p¥, this giyes
- p“ Iy*(p) - y*(p)] = 0.

Summing thesg two inequalities, we obtain
[P~ PT- [y*(P) - y*(P)1 2 0,

11
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or
i [pi = piT - y*(0") - yi* ()] = 0. 9)

Equation (9) indicates that, under profit maximization, increases in prices p from p* to p* tend to
increase netput demand y*(p), i.e. that netput functions y*(p) tend to be upward sloping. It shows
that this intuitive property is quite general (e.g., it applies without differentiability and in the
presence of corner solutions).

Next, consider the case where p“is in a close neighborhood of p* and y*(p) is continuously
differentiable, then a first order Taylor series expansion of y*(p) in the neighborhood of p* gives

y*(p) = y*(p*) + 282 [pF-p"],
where [ay*/op] is a (m+n)x(m+n) matrix evaluated at p*, and [p* - p¥] is a (m+n)x1 vector.
Substituting this expression into (9) yields

[p* - pH]" - 282 [p* -] 2 0.
Since this is true for aII p* chosen in a close neighborhood of p, this implies that % isa
(m+n)x(m-+n) positive semi-definite matrix.

Combining this with the symmetry restrictions derived earlier, we obtain the following key result
W = symmetric, positive semi-definite matrix. (10a)

This is a multi-output generalization of earlier results about the behavioral implications of profit
maximization. It gives the following general results.

e supply functions tend to be upward- slopmg >0,i=1,...,m.
e input demand functions tend to be downward-sloping: Mg 0,i=m+l, ..., m+n.

e the symmetry restrictions apply: W :5, for all netputs i =].

In addition, we have seen the profit maximization decision rules y*(p) are homogeneous of
degree zero in prices p. Using Euler theorem, this gives the homogeneity restrictions

‘”‘ pj=0,i=1, ..., n+m,
or, using elastlcmes
5l =0,i=1, ..., n+m,

dln p;

or, USlng matrix nOtatlon,

where i Is a (m+n)x(m+n) matrix, and p is a (m+n)x1 vector.
The homogeneity restrictions (10b) imply that the columns of the matrix - are linearly
dependent. This linear dependency is inconsistent with ;y—p being p03|t|ve-def|nlte. It follows that

the homogeneity restrictions imply that the matrix % is only positive semi-definite.

12
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45 THE LECHATELIER PRINCIPLE
Consider the case where the netput vector y is partitioned into two parts: y = (Ya, Yb)-
Accordingly, partition the corresponding price vector: p = (pa, Pb). Then, profit maximization
gives

Max {p, Y. +PyYs 1 (Ya:Ys) €F} (11a)

Ya Yo

giving the profit maximizing decisions y* = (Ya, Yb) = (Ya*(Pa: Pb), Yo*(Pa: Pb))-

Now consider the case where the firm is constrained to choose only the netputs y,. This could
happen under two scenarios:
e Scenario 1: it may that the firm chooses netput y, more frequently than yy. In this context,
Ya are characterized as short term decisions (e.g., including variable inputs) while y, are
long term decisions (e.g., capital).
e Scenario 2: it may be that the firm faces regulatory constraints that dictate the firm choice
for netputs yy.

In either scenario, the profit-maximizing firm would choose y, as follows
Max {p, Y +Ps Yo - (VarYo) € F}=Py ¥y + Max {p, -y, 2 (¥a.Y,) € F} (11b)

giving the choices y.°(pa, Yb). Since these choices take the value of yy, as given, the decision rules
Ya (Pa, Yb) in (11b) are conditional on yy,. They contrast with the decisions rules y,*(pa, Po) in
(11a) that are unconditional. The question is: what is the relationship between the conditional and
unconditional rules y.°(Pa, Yb) and y.*(Pa, Pb)?

To answer that question, consider the simple case where we evaluate yy, in (11b) at yp = yp*(Pa,
Pb). Then, the profits obtained in (11a) and (11b) are necessarily the same. However, economic
behavior (as represented by the two decision rules ya“(pa, Yb) and ya*(Pa, Po)) is not the same. To
examine how they differ, consider the relationships between y,*(pa, Po) and ya"(Pa, Vo), evaluated
at Yo = Yo*(Pa, Po):

Ya*(Pa, Po) = Ya'(Pa, Yo* (Pas Po)). (12)

Differentiating (12) with respect to p, and py yields
i ey Vi W (13a)

s Pa | oy, OPa’

and
Ve —Va Ny (13b)

Assuming that the matrix ‘% is invertible, (13b) implies

aYa —_ 6Ya ( )
oy, Py Py
Substituting this expressmn into (13a) yields
Vo= Yoy Va ( )1 e
Py

. 6pa Py o, !

or, using the symmetry restriction from (10a), gﬁb = g;b ),

Na s — Na (o VL [ ¥aNT
ww ca ) (G (14)

13
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The LeChatelier principle:

fN; ;)y; _ . L. . .. .
-~ 7 = symmetric, positive semi-definite matrix,

showing that the unconditional price effects "’,y) exceed the conditional price effects

a
op,

by a positive semi-definite matrix.

Proof: From (10a), Do js g symmetric, positive semi-definite matrix. Being invertible (by

opy
assumption), it must be symmetric positive definite, and its inverse (%)'l is also

symmetric positive definite. It follows that the right-hand side of (14) is a symmetric,
positive semi-definite matrix. Thus, the left-hand side must also be a symmetric, positive
semi-definite matrix.

The LeChatelier principle implies that

s
o "oy 2 0

or
Yai ai
% | > |2 | >0,

=
OPai

ai Vs . I
o = 720, or to avoid ambiguity

This states that unconditional price effects are larger than conditional price effects. For profit
maximizing firms, this can be interpreted in two ways:

e Inscenario 1, it means that long-term decisions are more price responsive than short-term
decisions. Alternatively, it suggests that economic adjustments to changing market prices
can be expected to be smaller in the short term compared to the longer term.

e Inscenario 2, it means that regulatory constraints reduce the ability of firms to respond to
changing market prices.
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